PARABOLIC EQUATIONS OF THE SECOND ORDER(})

BY
AVNER FRIEDMAN

Introduction. In this paper we develop several aspects of the theory of
second order parabolic equations of the form
n a2u n

(0.1) Lu= ), aix ) —5 +
ax,'

=1

b ; ou ; ou
2 i(x, 1) o, + c(x, Yu Py f
from a unified point of view, namely, the extensive use of Green’s function.
Our main interest is concerned with the first mixed boundary problem (for
definition, see §4) for f linear or nonlinear in %, Harnack theorems, etc.

Most of our methods are known. Green’s function for the heat equation
in rectangular domains was constructed already by E. E. Levi [21] (in par-
ticular §7) in 1907 and was used by him to derive some existence theorems.
An extensive use of Green’s function for more general parabolic equations
was made by Gevrey in his fundamental paper [16] (in particular §§4, 4*,
24, 28, 39, 40, 41). The analogue of the Harnack convergence theorem was
first proved for the heat equation in Levi’s paper [21, pp. 386-387]. Nonlinear
existence problems were considered by Gevrey [16, §28] by reducing them
with the aid of Green’s function to integral equations and then applying suc-
cessive approximations. A more detailed survey on the older literature con-
cerned with Green’s function is to be found in the book of Ascoli-Burgatti-
Giraud [1].

In this paper we use all the above mentioned methods and a few new
ones to treat more general problems than those considered in earlier papers.
Essential use of Dressel’s fundamental solutions for general linear second or-
der parabolic equations [10; 11] enables us to perform this extension. We
give below a brief description of our results and their connection to previous
papers.

In §1 we construct Green’s function for linear second order parabolic
equations with smooth coefficients in an (#z+41)-dimensional rectangle. In
this construction we employ the fundamental solutions constructed by Dres-
sel [11]. Green’s function for the heat equation in one dimension was con-
structed by Levi [21] by reflecting the fundamental solution ¢=1/2 exp(—x2/4t)
with respect to the x-variable; our method is an extension of Levi’s method.
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In §2 we prove some properties of Green’s function G(x, ¢; £, t)constructed
in §1. We prove a symmetry relation between Green'’s function of two equa-
tions, one of which is the adjoint of the other. Differentiability properties
of G with respect to all the arguments are discussed, and the behavior of G
near the boundary is studied. Finally, the first mixed boundary problem for
the equation (0.1) with f=0 in rectangular domains is solved.

In §3 we briefly discuss the Harnack inequality for non-negative solutions
of (0.1) with f=0 (the special case of the heat equation was proved by Hada-
mard [17]), and the Harnack theorem concerning uniform convergence of
solutions.

In §4 we define notions analogous to “super-harmonic” and “barriers”
and prove various properties. We then construct, following Poincaré’s
méthode de balayage, a generalized solution of the first mixed boundary prob-
lem. Under some mild assumptions on the boundary, we construct barriers
and thus prove that the generalized solutions are genuine solutions. The spe-
cial case of the heat equation in one dimension was considered by Pini [28];
however, Pini assumed that the first mixed boundary value problem for the
heat equation in domains with smooth boundary can be solved (a result
which was established, for instance, by Gevrey [16]), while we do not make
such an assumption; our treatment is self-contained. The decisive step which
enables us to apply the Poincaré’s méthode de balayage is the construction of a
solution of the first mixed boundary problem in rectangular domains and for
discontinuous boundary values. The idea of applying Perron’s method (which
slightly differs from that of Poincaré) to the heat equation was used already
by W. Sternberg [34].

In §5 we discuss the question of existence of solution of the first mixed
boundary problem for equations of the form Lu=f(x, ¢, «) in cylindrical do-
mains. Our results contain as very special cases those of [3;23; 33]. A method
which uses the Schauder type estimates and the Schauder-Leray method in
the theory of elliptic equations was used by Ciliberto [7; 8; 9] for the equa-
tion Lu=f(x, t, u) (n=1) in the case f=f(x, ¢, u, du/dx). The author consid-
ered in [15] the noncylindrical case of » dimensions and f=f(x, ¢, u, grad u).
However, the results and methods of §5 are not contained in all the above
mentioned works.

The results of this paper are all based on the study of Green’s function.
However there are other approaches in the study of second order parabolic
equations. We first mention the finite difference method which leads both to
existence theorems and numerical methods to calculate solutions; see [18; 20;
26; 31; 32; 35; 36]. As a second approach we mention the method of a priori
estimates. This method is analogous to Schauder’s method for elliptic equa-
tions. Both the analogous estimates and the existence theorem for the first
mixed boundary problem were established by Richard B. Barrar [2] in his
unpublished thesis for general second order parabolic equations. Later on
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these estimates were reproved by Ciliberto [6] in the case of one dimension.
More recently the author [14] has derived these estimates in a simpler way
and also derived existence theorems which contain both that of Barrar and
Theorem 3 of this paper. We also remark that both the Harnack inequality
and the Harnack uniform convergence theorem follow immediately (for gen-
eral second order parabolic equations with Holder continuous coefficients)
from the Schauder type estimates of [2] or [14] with the aid of the maximum
principle [24].

DEFINITION. A function g is said to satisfy a Hélder condition with ex-
ponent a (0<a<1) and with coefficient H in a set S if for every pair of
points P, Q and S

(0.2) | g(P) — g(Q)| < H| P - Q]

g is then also said to be Holder continuous (exponent «) in S. g is Holder
continuous at a point P if (0.2) holds for all Q in a neighborhood of P.

1. Construction of Green’s functions for rectangular domains. Let R be
an n-dimensional cube in the space of real variables x=(x1, - - -, x,) and let
D be the topological product of R with a real interval 0 <t < T. Consider the
equation

n

(1.1) Lu= Y ayx, t) -I-Zb(x,t

=1 . =1

u
NDu——=20
at

We shall make use of the following assumptions:
(A) L isdefined and uniformly parabolic in D, that is, there exists a posi-
tive constant g such that for every (x, t)&D and for all real vectors

£=(Elv tte sEn)

2 2
(1.2) Z ai(x, )E; = g E .
(B) The functions
a a 0?2 i)
(1.3) @, — @i, — @iy, ——— @i, by, — by, ¢
at dxx, 0%,0%m axy

are Holder continuous in D (the closure of D). Throughout this paper we
shall denote by M a bound on the functions in (1.3).

REMARK 1. All the results of this paper hold also for the class of parabolic
equations which can locally be reduced by a one-to-one transformation de-
fined on D to equations of the form (1.1). This class includes general second
order parabolic equations with space-dimension =2, the transformation
being

i dlz(xl, S)

Xy = o, =—f ——ds 4+ Ax,

au(xl, S)
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where 4 is sufficiently large and a;; is the coefficient of 32/9x.9x;.

REMARK 2. The assumption that db;/0x: exist and are Hélder continuous
in D is not used in the construction of Green’s function in the present section.
However, we make an extensive use of that assumption in proving Lemmas
3-7 (§2). For simplicity, we make that assumption also in the present section.

Under the assumptions (A), (B) we shall now construct Green's function
in the domain D. For simplicity we may assume that R is the cube —I<x;<!

(t=1, - - -, n). We first extend the definition of the coefficients of L to the
whole strip 0=t =T in the following way:

Let —IZ2x,21 (2542n), 0Z5t=T: i —I<ui <], sQQl—x1, %2, -+ +, Xuy £)
=s(x1, X2, - * *, Xn, t) for s=a; ¢t=1,2, - -, m),s=b; (=2, - - -, n), s=g,
and bi(2l—x1, %9, -+ - -, Xn, )= —bi(x1, X2, ¢ - -, Xn, ). Next, if —1=Zx,<3],
s(x1+4kl, xo - - -, X, B)=s(x1, X2, -, Xu £) (B=2x1, £2,.--) for

s=a; b; ¢. Having defined the coefficients of L for — o <x; < w0, —IZx;
<1(221=n),0=t=T, we proceed in the same way to extend the coefficients
of L along the xs-axis. Continuing in this way, we finally obtain L extended
to the whole strip 0=¢t=T.

Let B be the space — o <x;< o (t=1, - - -, n) and let .S be the set of
points x which are of the form (xi, - - -, x;1, (2k41)], %441, - - -, %) for
some integers ¢ and k. The coefficients of L (extended in the above manner)
have the following properties:

(a) L is uniformly parabolic in the strip 0=t =T, that is, (1.2) holds for
all (x, t) in the strip.

(8) The functions

i) 9%
a;, — a;, —5 a; C
Tot ) oxe

are Holder continuous in the whole strip; the functions

a

— a4, bs

axk
are bounded and piecewise continuous, the discontinuity is of the first kind
and may happen only on the topological product of S with 0=t<T. All the
above functions are Holder continuous at each point (x, £), xEB—S,0<¢<T.

The conditions («) (8) are sufficient to ensure the existence of a funda-

mental solution for L in the strip 0 <¢ < T, with a certain discontinuity at the
points (x, t) with xES. Indeed, from Dressel’s papers [10; 11], in which the
conditions (&) (8), with the set S replaced by the empty set, are assumed,
one gets the following: Denote by (4:) the matrix inverse to (a:), and let
o(x, t; &)= 2 Ai(x, t)&. We have o(x, t; £) zg’| SI 2 where g’ depends on g and
M. Denote



1959] PARABOLIC EQUATIONS OF THE SECOND ORDER 513

t — 7)—nl2 exp| — x,t;x—£)4t—‘r)] ift >,
ve e = {07 Pl H .
0 ift <,
1.4
T e[ [y
0 x - Elz
sin®~%9y, sin "% @2 + - - sin 0,_2d0,dY; - - - A2

where 4 =2"[7w"1 exp(—w?)dw. The function
Uz, t;¢,7)
F(&, 1)

is the “essential” part of the fundamental solution I'(x, ¢; &, 7), and

(1.5) Z(x, t;8,7) =

(1.6)  T(x 5587 = Z(x, 65,7 + f f Z(x, 1;5, 1)f(s, 3 £, )dsdr,
T B

where f is the solution of the integral equation
t

(1.7 Sz, 638, 7) = L(Z(x, £, 7) + f f L(Z(s, t; 5, M)f(s, 73 & 7)dsdr.
T B

Noting that

(1.8) | L[Z(x,t;5,n]] < _comst: exp{—const. M}
(t — r)ytD12 4t —7)
and using Lemma 2 in §2, we get
(1.9) | (=, 60| = _ eXp{—M} ,
(t — 7)=tDI2 4t — 1)

where Hy, H depend only on g and M.
In the following lemma we mention further properties of I', valid under
the assumptions («), (8), which will be used later. The proof will be omitted.

LemMA 1. T is continuous and 8T /dx;, 0*T' /dx0x;, OT' /Ot are piecewise con-
tinuous for (x, t)(# (&, 7)) in the strip 0 St < T; the discontinuity is of the first
kind and may occur only if xS, 05t T.

For simplicity we shall first construct Green’s function in the case n=1.
By Lemma 1 it follows that the functions

(1.10) ez, t;&,7) = D(x 4+ 4k, 8, 8, 7), wi(x, 8;6,7) = T2 — x + 4kl 1 €, 7)

are continuous in the rectangle D together with their first derivatives with
respect to x and ¢, and their second derivative with respect to x. Moreover,
these derivatives can be extended, by continuity, to x=+1 and to t=0, T.
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Italso follows that vk (L, ¢; &, 7) =wi(, ¢, €, 1) and v (=1, £ 6, 7) =we 1 (— 1, £ €, 7).

From the way we extended the definition of the coefficients of L, it is
clear that, as functions of x and ¢, v, are solutions of (1.1). Consider the func-
tion

(1.11) G(x, t; 8, 7) = E n(x, 1; ¢ 1) — “Z wi(x, 1; &, 7).

For (¢, 7) €D, each term v, (or wy), k0, together with its second x-deriva-
tives and first ¢-derivative is bounded by

H" { H'|x—t+ 4kl
.—_..—..e —
C=ne " }

where H’, H'' and a are appropriate constants. We thus conclude that the
series in (1.11) converges uniformly in D, together with its first and second
x-derivatives and first {-derivative. It represents the desired Green’s function,
since it is a fundamental solution of the equation (1.1) in D, and since it
vanishes on the lateral boundary of D, x= +1.

For arbitrary n, we can construct Green’s function in a similar manner.
We only write its explicit form for n=2:

t—r

G(xy L€ T) = E l: E P(x;7 x,;: t; &1, & T)

fum—o0 k=—c0

(1 12) - k; F(x'll ﬁz} t; 51, 527 7)]

- [ > T(&, %, 0 &y £, 7)

1=—00 k=—c0

ad ik
- E I1(7Z:1y %o, 15 &1, 5277)])

k=—o0

where xf =x\+4kl, Zy=2l—x+4kl A =1, 2).

REMARK. In case R is an n-dimensional rectangle, we can still construct
Green's function in the above manner, by first using an affine transformation
to transform R into an n-dimensional cube.

DEFINITION. By an (n+1)-dimensional rectangle we shall always mean a
rectangle all of whose edges are parallel to the coordinate axes.

2. Properties of Green’s functions for rectangular domains. In this sec-
tion R will denote the n-dimensional rectangle —I;<x;<I; (¢=1, - - -, n).
We shall prove some properties of Green's function G(x, ¢; £, 7) for the (n+1)-
dimensional domain D, constructed in the preceding section. In the sequel,
we shall make use of the following lemma [11].
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LeMMA 2. If 0<e, B<n/241, k>0, then
ftf exp(—k| x — £]2/4(s — 7)) exp(—k| & — y|/4(t — 3))
(s — 7)= (t — s)B

exp(—k| x — y[?/4(t = 7))
= (t — 7)atp-1-n/2

dtds

)

where A is a constant depending on o, B, n and k.
We shall now prove:

LeEMMA 3. The integrals

2
G(, 7; %, 0) | dx,
r|08:0¢;
dx
f f [ag 6£ ;— G(f, T; X, t)] dt 'd— ’
i X Zp=tl, Xm
(2.1) 7o +
G , T3 %, 0
| (& 7;%,0)|d
f f [ Gt ;):I aZ
— — G, T %, -
0 dr dxx " Tt dx,,.
(where dx/dxm=dx, + + * AXm1dXmy1 * * - dX,) exist and are continuous func-

tions of (&, 1), (&, 7)ED. Here, Ry, is the (n—1)-dimensional rectangle —1;<x
<li=1,- -, m—1, m+1, .-, n

We shall sketch the proof without going into all the details. Let us first
consider the integrands in (2.1) with G replaced by I'. From (1.6) and the
definition of Z in (1.5) it is clear that it is enough to consider the functions
(2.1) with G replaced by

(2.2) fffBZ(E, T; s, 1)f(s, r; x, H)dsdr.

Furthermore, developing f into a Neumann’s series (from (1.7)), one can
show (by a technique similar to [10; 11]) that we may still replace the f in
(2.2) by LZ. We thus have to consider the functions (2.1) with G replaced by

(2.3) frf Z(E, 15, ) LZ(s, r; %, 1)dsdr = 1.
t JB

Using the proofs of [10, Theorems 1,2], we conclude that the functions

ar o a2 FY s
— for ¢t =0, and ) for xp, = + In
dr  90¢; 0x 1 Oxx0E,0¢;
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exist and are continuous, provided (x, t) # (£, 7). Hence, the integrals (2.1)
with G replaced by I exist and are continuous in (£, 7), (¢, 7)ED. Conse-
quently, the same statement holds for I'. Using the explicit formula for G,
the proof of the lemma is easily completed.

REMARK 1. If we assume more regularity conditions on the coefficients of
L, then we can prove more regularity properties of G. The proof of this state-
ment (as well as the proof of Lemma 3 itself) can be given by the method of
Eidelman [12, in particular, pp. 62-70].

REMARK 2. From the proof of Lemma 3 we also derive the continuity of
the functions
92 (4] c 9 0
0L0f; Oxk (o 15 6 7), T Ox
in the domain (x, t)ED, (¢, 7) ED provided (x, t) #(, 7).

We now introduce the parabolic operator L*, the adjoint of L, defined by

a? a

L*u= 3}, 2 (aw) = > .

i i i Xi

G(x7 t; & 7)

ou
(biu) + cu + —
at

6214 ou 32(1; ab,‘
2.4 = a;i — + 2a; — b; ——-l—( - +c>
2-4) z.: 3x? Z.‘:( ) d%; E.': dx’ ; Ax;
ou
+ —.
at

If the coefficients of L satisfy the assumptions (A), (B), then the coefficients
of L* also satisfy these assumptions. Consequently, we can apply the pro-
cedure of §1 and construct Green's function G*(x, ¢; &, 7) for L* in D. G*
satisfies, as a function of (x, ¢), the equation L*G*=0, it vanishes on the
lateral boundary of D, and for t>7. We shall prove a symmetry relation be-
tween G and G*,

LeEMMA 4. If 7/ >,
G, 7' & 1) = G*E €, 7).

Proof. Consider the functions
u(x, £) = G(x, t; €, 1), v(x, t) = G*(x, t; &, 1)

where 7 <7'. Let ¢, ¢’ satisfy 7 <o <o’ <7'. Consider Green's identity

LI i)
(2.5) vLu — ul*v = B; — — (wv),
=1 0X; at

where
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ou v da;
— ua; — Uy
dx; ox; 0x;

Since G /dx;, dG*/dx; are continuous for (x, t)ED, (£, 7) ED provided (x, t)
# (&, 7) (this follows from Lemma 1 and the explicit formulas for G, G*), we

conclude that the B; vanish on the lateral boundary of D. Hence, integrating
(2.5) with respect to x (xER) and ¢ (¢ <t <o), we obtain

(26) B,' = 2a;

+ b;uv.

(2.7) f [G(x, o’; & )G*(x, o'; €', 7') — G(x, 05§ 7)G*(x, 05 &, 1) |dx = 0.
R

From the explicit formula for G it follows that

(2.8) lim [G(x, o5& 7) — (%, 058 1)] =0 if x # &

T—T

A similar statement holds for G*. Hence, taking in (2.7) ¢—7 and ¢'—17’,
and using [11, Theorem 3], we easily get

G(‘E,; T,; Ev T) - G*(Ey T E,) T,) = 0’
and the proof is completed.

From Lemma 4 we can easily conclude:

LEMMA 5. If £E R (the boundary of R) and if (x, t) ED, (x, t) #Z (&, 1), then
a
G, t;61) =0, —Glx,t;¢7) =0.
dx

If (x, ) # (&, 1) and if (x, t)ED, (&, 7)ED, then G(x, t; &, 1), as a function of
(&, 1), satisfies the equation L*G(x, t; &, 7) =0. Analogous results hold for G*.

Let u(x) be a solution of (1.1) in D, and suppose that #(x) is continuously
differentiable in D. Integrating Green's identity (2.5), with u(x, ¢)
=G*(x, t; &, 1), with respect tox (x&R) and ¢ (0 <t <7 —¢), and letting e—0,
we obtain

dt

oG* ] dx

_ 0G* 0. n T i
u(E, T) fl\’,u(x, )G (x’ ’ E, T)dx + g j:) fR.’ |:ua 6xi

L T aG* dx
- f f [uai :l dt,
i=1+ 0 R; x; 12—, du;

where dx/dx; and R; are defined in Lemma 3. Using Lemmas 3 and 4 it fol-
lows that each of the integrals in (2.9) can be differentiated once with respect
to 7 or twice with respect to the £;. Moreover, we can differentiate them under
the integral sign. Hence, each of the integrals in (2.9) is a solution of (1.1).
This statement is true also in case the boundary values (u(x, 0), etc.) appear-
ing in these integrals are merely bounded integrable functions.

Ti=—1; dxi

(2.9)
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LEMMA 6. Consider the functions

(2.10) P r) = f p@)GH(x, 0; &, 7)dx,
R

T aG* dx
(2.1 0t = [ [ |a ] =
0 R; 8x,- zi=t1; dx,-

where p(x) (xER), q(x, t) (xER, 0<t<T) are bounded integrable functions.
Then P and Qy; are solutions of (1.1), and satisfy the following boundary cond:-
tions:

() If &R, 719> 0, then P(&, 7)—0. If p(x) is continuous at x=x"ER
then P&, )—>p(x°) as (&, 7)—(x° 0).

(B) If E>R—R,; (where R, is the face of R which lies on x;= +1;), then
Q+:(&, 7)—>0. If 750, £5E°ER, then Q4 i(&, 7)—0. If q(x, t) is conitnuous at a
point (x° t°) ER,,, then Qi (&, T)— —q(x, £°) as (&, 7)—(x°, 9).

(v) Statements analogous to those of (B) hold for Q_i(&, 7). (Note that
Q-i(§, 1) —+q(x°, ¢°) on R_:.)

Proof. That the functions (2.10), (2.11) satisfy (1.1) was already proved.
It will be enough to prove (a) and (8). If we notice that (2.8) is valid with G,
I' replaced by G*, T'*, and if we use [11, Theorem 3], then we derive the sec-
ond part of (a). The first part of («) follows from Lemma 5 and the continuity
of G*(x, 0; &, 1) for (x, 0) = (&, 7).

The part of (8) concerning {—R— R,; follows from Lemma 5. Further,
if xER, t<r, 70 and §£-£°ER, then dG*(x, ¢; £, 7)/0x;—0 uniformly with
respect to x. Thus, the proof of the first part of (8) is completed. The proof
of the second part of (8) follows easily upon substituting

o

i — &

’
T

and noting that as £—x?, £,—/,.

LEMMA 7. For every solution of (1.1) in D which is continuous in D, the
representation formula (2.9) holds.

Proof. From the given values of % on the boundary, construct the right
side of (2.9), and denote it by ». We wish to prove that #=v. Now, »—v van-
ishes on R and on the faces R... Since it is also a solution of (1.1) we can apply
the maximum principle [24, p. 175], and thus conclude that —v=0.

We conclude this section with noting that the first mixed boundary
problem can be solved, in terms of (2.9), not only for continuous boundary
values but also for discontinuous data. If (x? ¢%) is a point of discontinuity,
and if #; and u_ are the supremum and infimum of the set of the limits of the
boundary values when their argument (x, ¢) tends to (x?, ¢°), then the solution
u(x, t), (x, t)ED, remains between u_ and uy as (x, t)—(x°, °).
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3. Harnack’s theorems. A domain D is said to possess A-property if each
two points in D can be connected by a continuous simple curve in D along
which the ¢-coordinate varies monotonically.

We state the analogue of Harnack’s inequality.

THEOREM 1. Let D be an arbitrary bounded (n+1)-dimensional domain, and
assume that L satisfies the assumptions (A), (B) (in §1). Then for any closed
subdomain D° of D which possesses A-property there exists a positive constant
B, depending only on D°, g and M (the bound on the functions in (1.3)), such
that for any non-negative solution of (1.1) in D,

3.1) u(x, {) = Bu(x', t)
for all (x, )EDO, (x', t')EDO, provided t=1'.

Proof. Denote by E the (n-+1)-dimensional rectangle of the form:
—l<x;<l (i=1,---, n) 0<t<p. We may assume that E belongs to D,
and we first prove the inequality (3.1) in subdomains of E. The proof of the
theorem follows easily from the above special case.

For simplicity we shall consider here only the case n=1; the proof of the
general case is quite similar. Let

3.2) Lu = atty, + bu, + cu — u, =
Green's identity (2.9) takes the form

u(E) T) = f u(x, O)G*(x, O E, T)dx +f [ua ai*] dt
0 r=—1

6] @
0 ax z=1

A similar representation holds for u(¢/, 7'), 7/ <7. We wish to find a lower
positive bound on u(&, 7)/u(£’, 7). Since the second and third integrands on
the right side of (3.3) are non-negative and nonpositive respectively, it is
permitted, in finding that bound, to replace u(¢, 7) by

aG* v aG*
f u(x, 0)G*(x, 0; £, r)dx+f l:ua —:I dt —f I:ua———:l dt.
0x Joei 0 0x =i

Consequently, it is sufficient to prove that
G*(x, 0, &, 1)
G*(x,0; ¢, 1)
OG*(1, 1,8, 7)/0x

3.5 = C, 0<¢ !
(3-3) 9G*(£1, 1, ¢, ) /ox (O<t<m)

3.3)

(3.4)

v

C, (=l<x<,

where C is a positive constant. The proof of (3.4), (3.5) can be given by ex-
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tending the method of [17] and making use of the explicit formulas for G, G*.
Details are omitted.

DerinNiTION. A bounded domain D is called a normal domain if it is
bounded by hyperplanes t=#, t=¢ (t2>t) and by a surface C between the
hyperplanes, and if its boundary on ¢=t, is a closed domain. The normal
boundary of D consists of C and of the boundary B which lies on t=¢,. We
denote 9D =B\UC. Without loss of generality, we shall always take # =0,
ta=T1T>0.

In the next section we shall solve the first mixed boundary problem for
normal domains. We shall then need the following theorem, which is the
analogue of a classical theorem of Harnack. (In what follows we denote by
[D°]~ the closure of D°.)

THEOREM 2. Assume that L satisfies the assumptions (A), (B). If {uk(x, t)}
is a sequence of solutions of (1.1) which converges uniformly on the normal bound-
ary of a normal subdomain D° of D ([D°]~CD), then it converges uniformly in
D to a solution u(x, t) of (1.1). Moreover, the sequences {du./dt}, {dui/x;}
and {62uk/6x,-6x,} converge uniformly in closed subsets of D° to du/dt, du/dx;
and 0%u/9x0x, respectively.

Proof. Using the maximum principle [24] it easily follows that the se-
quence {uk(x, t) } converges uniformly in D to a function, say, u(x, t). Hence,
it is sufficient to prove the rest of the theorem for subdomains which are
(n+1)-dimensional rectangles. Using, for ux, the representation formula
(2.9), and applying Lemima 3, the proof is easily completed.

4. The first mixed boundary problem for general domains. In the sequel
we assume that L satisfies (A), (B). We shall also assume that c(x, t) =0, so
that the maximum principle can be applied directly. Later on we shall show
that the final result is true also for general ¢(x, ¢).

Let a continuous function y(x, ¢) be given on the normal boundary of a
given normal domain D. The first mixed boundary consists in finding a solution
w(x, t) in D of the equation (1.1) which is continuous in D and which assumes
the values of ¥ on the normal boundary of D. By the maximum principle it
follows that there exists at most one solution. With the aid of Theorems 1, 2
we now proceed to prove the existence of a solution, by extending the method
of Poincaré in Potential Theory.

We first define a notion analogous to the notion of a super-harmonic
function.

DEFINITION. A function o(x, ¢) defined and piecewise continuous in D is
called a super-L function if it satisfies the following properties:

(i) The discontinuity is (for every fixed x) of the first kind in ¢, the set of
points of discontinuity lies on a finite number of hyperplanes t=7 and
v(x, 7+0) =v(x, 7—0); we define v(x, 7) =v(x, 7—0).

(ii) For every rectangular domain D° of D ([D°]-CD) the following



1959] PARABOLIC EQUATIONS OF THE SECOND ORDER 521

property holds: If « is the solution of (1.1) in D° with the boundary values v
(on the normal boundary of D?) constructed in §2 by formula (2.9) (see the
last paragraph of §2), then v=« in D°.

We shall prove several properties for super-L functions. For simplicity
we confine ourselves to n=1; the extension to general n will be obvious. Let
A be an arbitrary rectangle in D, defined by xo <x <xy, £, <t <t;. Constructing
(by (2.9)) a solution u(x, t) of (1.1) with the boundary values of a given
super-L function v, we conclude, that v satisfies the inequality

aG*
v(§, 1) >f v(x, 1) G*(x, to; &, T)dx-l—f I:va ——:| dt

dx
aG*
T[]
¢ =1z

for all (¢, 7)EA. We claim that the converse is also true:

LemMma 8. If v(x, t) satisfies (1) (in the above definition), and if for each
(¢, T)ED, (4.1) holds for all (xo, ty), (x1, to) close to (¢, T) and such that t, <,
xo<E<uxi, then v(x, t) 1s super-L.

(4.1)

Proof. For simplicity we give the proof only in case v is continuous. The
general case can be dealt with by the method used in proving Lemma 9’
below. We further remark that Lemma 8 is not used in proving Theorem 3
below.

Since for solutions # of (1.1) in D° (given by (2.9)), (4.1) holds with the
equality sign, all we have to show is that the function z=v—u for which
(4.1) holds and which vanishes on the boundary of a subdomain D° of
D([DO]‘CD), cannot take negative values in D°.

Suppose that is false, then there exist points where 2z takes its negative
minimum m. By a well known argument we can show that there exists a
point (£, 7) in D? such that z(§, 7) =m and such that for some xo<£ or x;>§
and close to £ #>m. Consequently, on using (4.1), we get

oG*
(&, 7) > f mG*(x, Lo; §, 7)dx + f [a _._:| dt

[l e

From Lemma 6 it follows that the right side of (4.2) with £, 7 replaced by
£, 7, is a solution of (1.1) in the rectangle xo <£<uxi, fo <t <7, and it assumes
on the normal boundary of this rectangle the value m. Using the minimum
principle we conclude that the right side of (4.2) is =m. Hence, 2(§, 7)>m,
which is a contradiction.

4.2)
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LEMMA 9. Let v(x, t) be a super-L function and let D® be an (n+1)-dimen-
sional rectangle, [D°]~CD. Define a function w(x, t) in the following way:
vo(x, ¢) in [ D],

wls §) = {v(x, ) in D — DO,

where vy 15 the solution of (1.1) in D° with the boundary values of v, which s
constructed by (2.9). Then w(x, t) Sv(x, t) and w(x, t) is a super-L function.

For the proof of Theorem 3 we shall not need to make use of Lemma 9
and therefore we shall not give here its proof. The following lemma (which is
slightly easier to prove) will be sufficient for our purposes.

LEMMA 9. Let v be a super-L function in D which is continuous in D and let
{Dm} be a sequence of (n41)-dimensional rectangles, [D,|~CD—9D. Define
a sequence {v,,,} of functions, by induction, in the following way:
m1(z, 1) if (x,) € D — Dn,

u(x, 1) if (%, 1) € Dm
and vo=v. Here, u(x, t) is the solution of (1.1) in D, with 4 ="vm_, on the normal

boundary of D, (which is constructed by (2.9)). Then {vm(x, t)} is monotone
decreasing.

vm(x, 1) = {

Proof. The proof is by induction on m. The inductive assumption is that
vm_1(x, t) is discontinuous on at most m — 1 hyperplanest=c¢; (k=1, - - - ,m—1),
that v,_i(x, ¢t +0) 2 v,._1(x, cx), and that v._1(x, t) satisfies (4.1) at each point
(¢, 7)ED and for all xo, x; close to &, xo<£<xi, and all ¢ <7 and close to 7.

We now construct #(x, t) by using (2.9). u(x, ¢) is discontinuous on the
intersection of D,, with t=c;. We may assume that ¢;<c2< - - - <¢m-1, and
denote Bo=D.N{t<c}, Bi=DaN\{ci<t<cin} (12k=m—2), and Bn,
=D,.N\{t>cn1}. We may assume that all the domains B; are nonempty.
From the proof of Lemma 8 (for continuous v) we conclude that v,1=u in
Bi. Hence, in particular, v,,_1(x, i +0) Z u(x, c1). Now, since « was constructed
in D,, by formula (2.9), (by the maximum principle it follows that) we can
represent % in D,,— By also by a formula analogous to (2.9) with the base R
replaced by the base of D,,— By, that is the base of Bi. On this base vm_1Z%
(by what we have already proved). On the lateral boundary of By vm_1=u.
Let P approach a point Q= (x, &) on the intersection of the basis of B, with
any of its lateral faces. Using (4.1) for v,—1(P) and representing #(P) in terms
of (2.9), and taking in both cases the same rectangle 4, which contains Q
on the edge of its base, we easily conclude that lim inf (v,1(P)—u(P)) =0
as P—(Q. We now use the fact that v,,_; —u satisfies (4.1) and apply the proof
of Lemma 8 (for continuous »). We conclude that v, 1=« in B; and, in par-
ticular, ¥m_1(x, c24+0) = u(x, ¢z). Continuing in this way, we find that va1 2%
in D,, and, therefore, 9,127, in D. Moreover, it is easy to show that vn
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satisfies (4.1) at each point (¢, 7) of D. We finally note that 9,, might have a
discontinuity on t=¢; (k=1, - - -, m—1) with upward jump, and it might
have a discontinuity on one additional hyperplane t=c¢ (on which the upper
face of D, lies) with v,(x, c+0) = v,(x, ¢). This completes the proof.

We shall mention two more properties of super-L functions: If v; and v,
are super-L functions, then v=min(%, v;) is also a super-L function. If v is
sufficiently smooth, then v is super-L if and only if Ly 0.

We can now extend the method of Poincaré [19, pp. 322-329] and con-
struct a generalized solution for the first mixed boundary problem. (This
solution satisfies (1.1) in the usual sense, but its behavior on the boundary
still has to be studied.) Here we make use of Theorems 1, 2, and Lemma 9’.
Note that the decomposition of a polynomial p(x, ¢) into a difference of two
super-L polynomials (the analogue of [ 19, p. 329]) can be given by (p(x, ¢) + Ct)
— Ct, where C=max le(x t)l the maximum being taken over D. Note also
that the domains we use to accomplish the méthode de balayage are only
(n+1)-dimensional rectangles, since only for such domains we know how
to solve the first mixed boundary problem with discontinuous boundary
values. We also use rectangles, one of whose faces lies on the upper boundary
of D (ont=T).

Constructing the generalized solution u(x, £), which will be continuous in
Dandont=T ((x, T)ED, (x, T) &), it remains to show, under certain as-
sumptions on C, that u(x, ) assumes on the normal boundary the values of
the given function ¥(x, ¢). We first introduce the following notion:

DEFINITION. For any point Q of dD we define a barrier vg to be a function
continuous in D and satisfying the following properties:

(i) 2¢=0in D, 19=0 only at Q;

(i) Lvg= —11in D.

As in the harmonic case [19, pp. 326-328] the existence of a barrier at a
point (x° %) is sufficient in order that any generalized solution will con-
verge at that point to the corresponding boundary value (see also [28, pp.
422-423]). Furthermore, it is enough to construct a barrier in the small.

As a barrier for (x°, %) = (x° 0) we can take

v(x, 1) = lx— xolz—l- Ki.

If K is sufficiently large, then Lv £ —1.

To construct barriers for (x°, t°) &€C, we have to impose some conditions
on C. We shall first consider one example, analogous to Poincaré’s criterion
[19, p. 329].

DEeFINITION. C is said to possess P-property at a point (x° £°) on it, if
there exists a sphere ‘x—x’[ 24 (t—1#')?= R} passing through (x°, t°) and hav-
ing (x9, £°) as its only common point with D, and if &’ #x°.

We shall prove that if P-property is satisfied then there exists a barrier
at the point (x°, ¢°). Take
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(5,0 = = = where R = |z— [t 4 (= 1)
v(x, f) = — where =|lx—x t— )%,
Ry R )

If @ is large enough then, since we can take |x—x’| bounded from below by
a positive constant,

tala + 1) , 4
2a 2a(t — 1)
(x, — 2t s e— -
+ R2at2 E:: bl = =) + o R?t2? = 8

Since also ¥>0 in D— { (x0, t°)} and v(x°, £°) =0, v is a barrier in the small.

We now consider the case in which the condition x’x° is not satisfied.
We shall assume that the hyperplane t=1(° is tangent to C at (x°, ¢°). In this
case, different situations may arise. We shall consider a few typical cases.

(1) If there exists an (n+1)-dimensional rectangle contained in D and
containing (x £°) in the interior of its upper base then, using repeatedly this
subdomain in the process of the balayage, we get a solution which is continu-
ous at (x° £°) when (x, t)—(x ¢°) from within the rectangle.

(2) If the function t—t*=¢(x—x°) of the boundary surface near (x°, t%)
satisfies

2 e A0

(4.3) 1+[meoy& xq >0
du’ )

1

and D is on the side t—t*>¢(x—x°), then
K{ I x — xO\“—i— =19 — ¢(x — x°)}

is a barrier in the small for a sufficiently large constant K.

(3) In the case in which D lies below the curve t—¢°=¢(x —«x°), barriers
need not exist.

For n=1, and for the heat equation, necessary and sufficient conditions
for existence of barriers were given by Petrowski [27] (see also Gevrey [16,
p. 323]). He proved that if the boundary curves, denoted by x = y(f)
(E=1, 2) WY (t) S¢¥u(t)), satisfy

Vit + B — () =2 — 2(h log p(h)''%,
Yot + 1) — ¥2(0) = 2(k log p(h))/?

for all e, <% <0 (for some fixed negative e)) where p(k) is a monotone function
which decreases to zero as | k| \0 and if

f° p(h) | log p(k) |12
o | 4]
then barriers exist at each point. If, however, the inequalities (4.4) are re-

(4.4)

dh =

(4.5)
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versed at least for one ¢, and if p(k) satisfies, instead of (4.5), the inequality

(4.6)

o p(h) | log p(h) |11
fp<>logp<>l 2h < o,

: | ]

then at some points of C barriers do not exist.

Petrowski'’s results were extended by Fortet [13] to equations of the
form u,,—u,=b(x, t)u,.

Let us now note that the assumption ¢(x, t) £0 made throughout the dis-
cussion of the first mixed boundary problem can be abandoned since, for gen-
eral ¢(x, t), the substitution u =e*'w (o = max ¢(x, t)) transforms the equation
Lu =0 into the equation (L —a)w=0 in which the coefficient of w is nonposi-
tive. On the other hand, that substitution does not affect the other assump-
tions and assertions. We also note that all the previous results remain un-
changed if we replace (B) (in §1) by the weaker assumption that the func-
tions in (1.3) are Hélder continuous in closed subsets of D and the coefficients
of L are continuous in D.

The following theorem sums up our results concerning the first mixed
boundary problem. For simplicity, it is not stated in the most general form.

THEOREM 3. Let D be a normal domain and assume that L (given by (1.1))
is parabolic in D, that the coefficients of L are continuous in D and that the func-
tions (1.3) are Holder continuous in closed subsets of D. Assume that at each
point of C either P-property is satisfied, or the tangent hyperplane is of the form
t=const., D is on the side t—1°>¢(x—x°) and (4.3) s satisfied. Then for any
continuous boundary values, there exists a unique solution of the first mixed
boundary problem.

REMARK. Theorem 3 is true also for 7'= o,

We can now use Theorem 3 in order to accomplish the méthode de balayage
by normal subdomains which possess 4-property (mentioned in Theorem 1),
and which tend to D. We then can prove (as in [19]) that the generalized
solution is independent of both the particular choice of the sequence of sub-
domains, and the particular extension of the boundary values into a continu-
ous function in D.

Instead of following Poincaré’s method one can also follow the Perron
method and thus derive Theorem 3. An elegant treatment of the Perron meth-
od for second order elliptic equations is given in [25].

We now extend Theorem 3 to the case of nonhomogeneous equations.

THEOREM 4. Let all the assumptions of Theorem 3 be satisfied and assume,
in addition, that the coefficients of L are Holder continuous in D. Let f(x, t) be
Hilder continuous in D and let ¥ be a continuous function of D. Then there
exists one and only one solution of the equation Lu=f in D which coincides with

Y on dD.
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Proof. By [22] it follows that we can extend f and the coefficients of L
into Hoélder continuous functions in a cylinder D* which contains D. Let
I'(x, t; £, 7) be the fundamental solution constructed by Pogorzelski [29] for
general second order parabolic equations with Hélder continuous coefficients.
By [29], the function

0,0 = [ [ vt 0fte s

is a particular solution of Lv=f in D*. Let w be a solution of Lw=0 in D
with the boundary values ¢ —v on D. (Its existence follows by Theorem 3.)
Then v+4w is the desired solution.

REMARK. If D is a cylinder then it is not necessary to assume that f is
Hélder continuous on the normal boundary dD); it is enough to assume only
continuity on the boundary.

5. Nonlinear equations in cylindrical domains. We introduce the follow-
ing notation: R is a bounded n-dimension domain with boundary dR; D, is
the cylinder {(x, t); x€R, 0<t<7}; C, is the lateral boundary of D,, that is
{(x, t); *GOR, 0=<t<7}; dD,=R+C:, and D, is the closure of D,. We shall
consider the following nonlinear system:

(5.1) Lu = f(x, 1) + k(x, ¢, u) for (x, t) € D,,
(5.2) u=y for (x, {) € 9D,

where ¢ is a fixed positive number. We shall need the following assumption:
(C) k(x, t, u) is Holder continuous in (x, £, #) when (x, t) €D, and u varies
in bounded sets, and

(5.3)  |k(x, ¢, w)| SN|u| +H|u|f+Hy, forall (x,t)ED,, —o <u<e,

where N\, H, H, are positive numbers and 0= <1.

We shall also need to modify the assumptions (A), (B), as follows:

(A’) L is defined in D, and (1.2) holds for all (x, £) in D, and for all real
vectors £, and g is positive.

(B’) The coefficients of L are Hélder continuous in D, and they are
bounded by a positive constant M’. The functions in (1.3) are Hélder con-
tinuous in closed subsets of D,. Finally, c¢(x, ¢£) £0 in D,.

We can now state the first result of this section.

THEOREM 5. Assume that L satisfies (A'), (B'), that f(x, t) is Holder con-
tinuous in Dy, that Y(x, t) is a continuous function on 0D, that OR is of class
C?, and that k(x, t, u) satisfies (C) with X sufficiently small (depending only on g,
M’ and the diameter of R). Then the system (5.1), (5.2) has a solution.

REMARK. If uniqueness is also proved (for instance, when k(x, ¢, ) is
monotone decreasing in #, or when |k(x, L, u)—k(x,t, 'w)l é)\ol u—wl where
No is any constant (see [15])), then Theorem 5 easily yields a theorem of
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existence and uniqueness of a solution in the infinite cylinder D,
Proof. From the maximum principle [24] we can deduce that if # is a
solution of (5.1), (5.2), then

(5.4 Lub. |u] = K[l.u.b. |¢| + Lub. | f| + Lub. || ]
D, aD, D, D,

where K is a positive constant depending only on g, M’ and the diameter of
R. Using (5.3) and assuming that 2\K <1 we easily get

(5.5) Lub. || = K,

DU
where K; is a constant independent of ». Hence, without loss of generality
we may change the definition of k(x, ¢, «) for |u| > K;. We thus may assume
that k(x, t, u) satisfies the assumption (C) and, in addition,

(5.6) |k(x, ¢ u)[ < K, for (x,{) E D,y —o <u < »©

where K, is an appropriate constant.
We now introduce the Banach space X of functions v(x, t) continuous in
D, and with the uniform norm:
lo] = Lub. |o(x, 0)].

(z,t)ED 4

The closed convex set of functions v defined by ||s]| <N is denoted by
Xn. For v&€ Xy we define a transformation w= Tv as follows:

(5.7) w(z, §) = uo(z, 1) + f G, 1; & T)k(E, 7, (8, 7))dEdr.
D,

Here u, is the solution of (5.1), (5.2) with =0 whose existence follows from
Theorem 4 (note that the assumption that dR is of class C? implies the P-
property) and G(x, ¢; & 1) is Green’s function constructed by Pogorzelski
[30] for general second order parabolic equations with Hélder continuous
coefficients provided the boundary is of class C't¢ for some €>0. (It is not
proved in [30] that G is differentiable on the boundary.) The integral on the
righ]t side of (5.7), denoted by z(x, t), satisfies the following properties (see
[30]):

(i) As (x, t)—0dD,, z(x, t) tends uniformly to zero.

(ii) If k(¢ 7)=Fk(%, 7, v(£, 7)) is bounded uniformly with respect to (¢, 7)
and v, then z(x, ¢) is Hélder continuous in D,, with any fixed exponent u <1/2
and with a coefficient independent of v.

(iii) If (% 1) is Holder continuous in closed subsets of D, then 9z/dt,
8z/9x;, 8%z/dx.dx; are continuous functions in D, and Lz = k(x, ).

We shall prove that T has a fixed point. Using (5.6) we conclude that the
functions w are bounded independently of » in X. Hence, if N is sufficiently
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large then T maps Xy into itself. By (ii) it follows that the integrals on the
right side of (5.7), as v varies on Xy, are equi-continuous in D,. Hence, the
set TXy is compact. Finally, since & is continuous in (x, {) €D, and [|o|| £ N,
we find that 7T is a continuous transformation of Xy. Applying Schauder’s
fixed point theorem [37] we conclude that T has a fixed point #, that is
u=Tu.

Substituting v=w=u in (5.7) we conclude (by (ii)) that u(x, ¢) is Holder
continuous in closed subsets of D,. Hence, by (iii), # is a solution of (5.1).
Using (i) we also find that « also satisfies (5.2).

The proof of Theorem 5 suggests another result. In order to state it, we
shall need the following assumption.

(C") k(x, t, u) is Holder continuous in (x, ¢, %) when (x, t)ED, and u
varies in bounded intervals.

THEOREM 6. If all the assumptions of Theorem 5 are satisfied with the ex-
ception of (C) which is replaced by (C'), then the assertion of Theorem S holds
provided o is sufficiently small.

Proof. Unlike the proof of Theorem 5, we now cannot change the defini-
tion of k(x, ¢, #) so as to obtain (5.6). However we notice that

(5.8) ffp | G(x, t; £, 7) | dtdr < H't < H's
¢

where H’ depends only on the domain R and on the Hélder coefficients of the
coefficients of L. Put

(5.9) H" = lub. | u(x 6)] .
D¢
Then, if we take N=H''+1 and choose ¢ such that

(5.10) [ Lub. | k(70| ]H'U <1
(¢ EDgilul =N

then, by (5.8), (5.9), (5.10) and (5.7) we conclude that T maps Xy into it-
self. We can now complete the proof of the theorem almost word by word as
in the proof of Theorem 5.

Generalization of Theorems 5, 6. 1f we use [14, Theorem 5] instead of
Theorem 3 (in proving the existence of %, in (5.7)), then we derive the fol-
lowing corollary:

COROLLARY. Theorems 5, 6 remain true with L being the operator

n a%u d ou
Lu= 2 a;x, 1) 3 + 2 bi(x, 1)

i,j=1 xiax,' =1 0x;

+ e, u — 22
c(x, Du — —
ot

which is assumed only to be parabolic in D, and to have Holder continuous coeffi-
cients in D,.
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We remark that it is not necessary to assume the Hélder continuity of
both f(x, t) and k(x, ¢, #) on the normal boundary dD. It is enough to assume
continuity. We also remark that if the Holder coefficients of L are bounded
in D, and if uniqueness holds (see the remark which follows Theorem 5) then
Theorem 5, applied to an increasing sequence of domains yields existence and
uniqueness in the whole cylinder D,. We finally remark that Theorem 5 re-
mains true for arbitrary constant N\, but we omit here details of the proof.
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